A fixed, octave-based musical scale cannot remain faithful to the consonant simple integer ratio intervals and simultaneously be modulated to all keys. It is possible to reconcile these competing criteria, however, if the notes of the scale are allowed to vary. This paper presents a method of adjusting the pitches of notes dynamically, an adaptive tuning, that maintains fidelity to a desired set of intervals and can be modulated to any key. The adaptive tuning algorithm changes the pitches of notes in a musical performance so as to maximize consonance, which is calculated based on recent perceptual work. The algorithm can operate in real time, is responsive to the notes played, and can be readily tailored to the timbre (or spectrum) of the sound. This can be viewed as a generalization of the methods of just intonation, but it can operate without specifically musical knowledge such as key and tonal center and is applicable to timbres with nonharmonic spectra as well as the more common harmonic timbres.
INTRODUCTION
Numerous musical scales have been proposed through the past several centuries including meantone; Pythagorean; various just intonations; scales by Werkmeister, Vallotti, and Young, Partch, and Carlos; and the now ubiquitous 12-tone equal-temperament scale.
• Many of these scales were created as an attempt to minimize the inevitable inconsistencies (commas, dieisis, and schismas, for example) that arise when trying to design a single fixed scale to remain faithful to a desired set of intervals and to be transposable simultaneously to all keys. This paper suggests a different approach, one that allows the tuning to change dynamically as the music is performed; we call such a scale an adaptive tuning. Adaptive tunings pursue a single tuning strategy in which the notion of musical "key" loses much of its significance, yet can maintain a desirable set of intervals (such as the small integer intervals) irrespective of starting tone.
Carlos t and Hall 3 have introduced quantitative measures
of the ability of fixed scales to approximate a desired set of intervals. Since different pieces of music contain different intervals, and since it is mathematically impossible to devise a single fixed scale in which all intervals are perfectly in tune, Hall 3 suggests choosing tunings based on the piece of music to be performed. Polansky 4 suggests the need for a "harmonic distance function," which can be used to make automated tuning decisions, and points to Wagge's 5 "intelligent keyboard," which utilizes a logic circuit to choose automatically between alternate versions of thirds and sevenths depending on the musical context. The adaptive tuning concept uses a measure of consonance as its "distance function" to change the pitches of notes dynamically (and in real time) as the music is performed. Partch 6 wrote "it is conceivable that an instrument could be built that would be capable of an automatic change of pitch throughout its entire range." This paper shows how to realize this concept. In addition, the adaptive tuning is responsive to the timbre of the instruments as they are played.
The adaptive tuning algorithm exploits the results of recent work 7 on the perception of consonance, the "principle The tuning algorithm is implementable in software or hardware and can be readily incorporated into electronic music studios. Just as many MIDI synthesizers have built-in alternate tuning tables that allow the musician to play in various just intonations and temperaments, an adaptive tuning feature could be added to sound modules. The musician could then effortlessly play in a scale that continuously adjusts to the timbre and the performance in such a way as to maximize consonance.
Section I briefly reviews the concept of consonance and dissonance curves. The adaptive tuning algorithm is then derived as an approximate gradient descent of a cost function defined by the dissonance of the currently sounding tones. Section III analyzes the algorithm and gives several examples of its behavior. Section IV compares the adaptive tuning algorithm to just intonation and to the slandard 12-tone equal-tempered scale. Section V suggests several ways that the algorithm might be implemented, and the final section concludes. Levelt s provides a basis on which to build a measure of consonance and dissonance that can be used to guide the adaptation. Plomp and Levelt asked volunteers to rate the perceived dissonance of pairs of pure sine waves, giving curves such as Fig. 1 , in which the dissonance is minimum at unity, increases rapidly to its maximum somewhere near one quarter of the critical bandwidth, and then decreases steadily back toward zero. When considering timbres that are more complex than pure sine waves, dissonance can be calculated by summing up all the dissonances of all the partials and weighting them according to their relative amplitudes. This leads to curves such as Fig. 2 , which shows the dissonance curve for a timbre with nine harmonic partials. Note that the local minima occur near many of the steps of the 12-tone equal tempered scale (actually, they fall on the nearby simple integer ratios, as shown in Table I ). Similar curves can be drawn for nonharmonic timbres.
To be concrete, the dissonance between a sinusoid of The dissonance D•(a) of this interval can be viewed directly from the dissonance curve. The algorithm essentially "slides down" the curve until it reaches the nearest local minimum or*, which is a point of local consonance. The algorithm retunes the notes F t and F 2 to F• and F• so that the actual interval sounded is precisely F• /F• = a*.
II. ALGORITHM STATEMENT
The algorithm must have access to the timbre (or spectrum) of the sounds it is to adjust. This information may be built-in (as in the case of a musical synthesizer or sampler that inherently knows the timbre of its notes) or it may be calculated (via a Fourier transform, for instance). The algorithm adjusts the pitch of each note so as to decrease the dissonance until the nearest point of local consonance is reached. This modified set of pitches (or frequencies) is then output to a sound generation unit. Thus, whenever a new musical event occurs, the algorithm calculates the optimum pitches so that the sound locally minimizes the dissonance.
There (it) As a practical matter, it is often advisable to fix the frequency of one of the fi's and to allow the rest to adapt relative to this fixed pitch.
(iii) It is sensible to carry out the adaptation with a logarithmic step size, that is, one that updates the frequency in "cents" rather than directly in hertz. To be concrete, consider notes F with partials at frequencies (fo,f• ,...,.In) and G with partials at frequencies algorithm automatically retunes notes so as to play in the scale related to the timbre of the notes.
IV. RELATION TO JUST INTONATION AND TO 12-TONE EQUAL TEMPERAMENT
Since harmonic timbres are related to a scale composed of simple integer ratios, using the adaptive tuning (AT) strategy is similar to playing in a just intonation (JI) major scale. Table I When restricted to a single key (or to a family of closely related keys) JI has the advantage that it sounds more consonant than 12-tone equal (at least for harmonic timbres), since all intervals in 12-tone equal are mistuned somewhat from the simple integer ratios. The AT shares this advantage with JI. Thus the difference between a piece in AT and the same piece played in 12-tone equal is roughly the same as the difference between JI and 12-tone, for pieces in a single key when played with harmonic timbres. Whether this increase in consonance is worth the increase in complexity (and effort) is much debated, although the existence of groups such as the "Just Intonation Network "•4 is evidence that some find the differences worthy of exploration.
A major advantage of the adaptive tuning approach becomes apparent when the timbres of the instruments are nonharmonic, that is, when the partials are not harmonically related. Consider a "bell-like" or "gong-like" instrument with the nonharmonic spectrum of Fig. 3 Using the nine-tone timbre of Fig. 3, the adaptive tuning algorithm converges to minima of the related dissonance curve. The major chord   converges to a chord with nine-tone scale steps 1, 3, Table IV The adaptive tuning strategy can be viewed as a generalization of just intonation in two directions. First, it is independent of the key of the music being played, that is, it automatically adjusts the intonation as the notes of the piece move through various keys. This is done without any specifically "musical" knowledge such as the local "key" of the music. Second, the adaptive tuning strategy is applicable to nonharmonic timbres as well as harmonic, thus broadening the notion of "just intonation" to include a larger palette of sounds.
Consonance is only one aspect of music, and the use of adaptive tunings has no influence on musical essentials such as rhythm and melody. Even within the realm of harmony, it would be naive to suggest that maximizing consonance is always desirable. A dissonance-free rendition of Stravinsky's "Rite of Spring" would surely lose much of its impact.
V. IMPLEMENTATIONS AND VARIATIONS
The adaptive tuning algorithm can be readily incorporated into existing MIDI-based synthesizers and music studios in the form of software, stand alone hardware, or (ideally) as a built-in option analogous to the alternate tuning tables currently found in many MIDI-based sound modules. There are several ways that adaptive tunings could be added to (or incorporated in) a computer based music environment. (ii) a stand-alone piece of hardware (or software to emulate such hardware) that interrupts the flow of MIDI data from the controller (for instance, the keyboard), adapts the tuning as described above, and outputs the modified notes; (iii) the adaptive tuning strategy can be incorporated directly into the sound generation unit (the synthesizer or sampler); and (iv) direct manipulation of digitized sound. The software strategy (i) has the advantage that it may be simply and inexpensively added to any computer-based electronic music system. The disadvantage is that it is inherently not a real-time implementation. On the other hand, both the stand-alone approach (ii) and the built-in approach (iii) are capable of real-time operation. The current MIDI specification has no reserved commands for retuning notes. Even so, both (i) and (ii) could be implemented using "pitch bend" commands. An unfortunate side effect of this is that the note commands would need to be rechanneled, thus increasing the complexity of the system setup for the operator. Since the algorithm is most effective when it has access to the timbre (or spectrum) of the sound, both (i) and (ii) require that the operator input the timbre. Of course, a frequency analysis module could be added to the software/ hardware, but this would increase the complexity of the unit. The built-in solution (iii) does not suffer from any of these complications (indeed, the synthesizer inherently "knows" the timbre of the sound it is producing) and is consequently preferred for MIDI implementation, though it would clearly require a commitment by musical equipment manufacturers. Approaches (i) and (ii) have been implemented in software and were used to generate the examples given in this paper.
The adaptive tuning could also be implemented in hardware (or software to emulate such hardware) that directly manipulates digitized sound. The device would perform an appropriate FFT (fast fourier transform, or equivalent) to determine the current spectrum of the sound, run the adaptive algorithm to modify the spectrum, and then return the modified spectrum to the time domain with an inverse FFT. The 
